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Abstract 

Let Sf be a 3-sphere embedded in the 5-sphcre S 5 (i — 1, 2). Let Sf and Sf 
intersect transversely. Then the intersection C = Sf (~l Sf is a disjoint collection 
of circles. Thus we obtain a pair of 1-links, C in Sf (i — 1,2), and a pair of 
3-knots, Sf in S 5 (i = 1,2). Conversely let (LijLa) be a pair of 1-links and 
{Xi,X>i) be a pair of 3-knots. It is natural to ask whether the pair of 1-links 
(Li, L2) is obtained as the intersection of the 3-knots X\ and X2 as above. We 
give a complete answer to this question. Our answer gives a new geometric 
meaning of the Arf invariant of 1-links. 

Let / : S 3 — ► S 5 be a smooth transverse immersion. Then the self- 
intersection C consists of double points. Suppose that C is a single circle in 
S 5 . Then / _1 (C) in S 3 is a 1-knot or a 2-component 1-link. There is a similar 
realization problem. We give a complete answer to this question. 
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1 Introduction and Main results 



Let Sf be a 3-sphere embedded in the 5-sphere S 5 (i — 1,2). Let Sf and Sf 
intersect transversely. Then the intersection C = Sf (~l Sf is a disjoint collection 
of circles. Then C in is a 1-link (i = 1,2). Note that the orientation of C 
is induced by that of Sf , that of Sf an d that of S 5 . Thus we obtain a pair of 
1-links, C in Sf (i = 1, 2), and a pair of 3-knots, Sf in S 5 (i = 1, 2). 

Conversely let (Li,L 2 ) be a pair of 1-links and (Xi,X 2 ) be a pair of 3- 
knots. It is natural to ask whether the pair of 1-links (Li, L 2 ) is obtained as the 
intersection of the 3-knots X\ and X 2 as above. We give a complete answer to 
this question. (Theorem 1.1.) 

To state our results we need some definitions. 

An (oriented) (ordered) m- component n- (dimensional) link is a smooth, ori- 
ented submanifold L — {K\, K m } of S n+2 , which is the ordered disjoint 
union of m manifolds, each PL homeomorphic to the n-sphere. If m — 1, then 
L is called a knot. (Sec [1], [2], [8], [9]. ) 

We say that n-links L\ and L 2 are equivalent if there exists an orientation 
preserving diffeomorphism / : S n+2 — > S n+2 such that f(Li)=L 2 and f\ Ll : Li 
— ► L 2 is an orientation preserving diffeomorphism. 

Definition {L\,L 2 ,X\,X 2 ) is called a 4-tuple of links if the following 
conditions (1), (2) and (3) hold. 

(1) Li = (Kn, K imi ) is an oriented ordered mi-component 1-dimensional 
link (i = 1,2). 

(2) mi = m 2 . 

(3) X, is a 3-knot. 

Definition A 4-tuple of links (Li, L 2 , Xi, X 2 ) is said to be realizable if there 
exists a smooth transverse immersion / : Sf £J Sf — > S 5 with the following 
properties. We assume that the orientations of Sf, Sf and S 5 are given. 

(1) f\Sf is a smooth embedding. f(Sf) in S 5 is equivalent to the 3-knot 
Xi(i = 1,2). 

(2) For C = f(Sf) n /(Sf ), the inverse image / _1 (C) in Sf is equivalent to 
the 1-link Li(i = 1,2). Here, the orientation of C is induced naturally from the 
preferred orientations of Sf, Sf , and S 5 , and an arbitrary order is given to the 
components of C. 

The following theorem characterizes the realizable 4-tuples of links. 
Theorem 1.1 A 4-tuple of links (L\, L 2 , X\, X 2 ) is realizable if and only if 
(L\,L 2 ,X\,X 2 ) satisfies one of the following conditions (1) and (2). 

(1) Both L\ and L 2 are proper links, and 

Arf(Li) = Arf(L 2 ). 

(2) Neither L\ nor L 2 is a proper link, and 

V&{K l0 , Li - K xj ) = \k(K 2j ,L 2 - K 2j )m.od2 for all j. 

In the case where Li is a 1-component link, that is, Li is a knot Ki, we have 
the following corollary. 

Corollary 1.2 For 1-knots K\ and K 2 , a 4-tuple of links (K\,K 2 ,X\,X 2 ) 
is realizable if and only if 

Arf(A-i) = Axi{K 2 ). 
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Note. Theorem 1.1 and Corollary 1.2 give a new geometric meaning of the 
Arf invariant. 

Note 1.2.1. The problem (26) in [3] says: Investigate ordinary sense slice 
1-links, where ordinary sense slice 1-links are 1-links which are obtained as 
follows: Let S 2 be in R 4 = R 3 x R. Then S 2 n [R 3 x {0}] in R 3 x {0} is a 1-link. 
By using Theorem 1.1, the author gives an answer to this problem. The answer 
is: for every ordinary sense slice 1-link we can define the Arf invariant and it is 
zero (see [18]). 

Let / : S 3 — ► S 5 be a smooth transverse immersion. Then the self- 
intersection C consists of double points. Suppose that C is a single circle in 
S 5 . Then the / (C) in S 3 is a 1-knot or a 2-component 1-link. There is a sim- 
ilar realization problem. We consider which 1-knots (resp. 2-component 1-links 
) we obtain as above. We give complete answers. 

Theorem 1.3 Let f : S 3 — ► S be a smooth transverse immersion. Then 
the self-intersection C consists of double points. Suppose that C is a single circle 
inS 5 . 

(1) Any 2-component 1-link is realizable as f (C) in S 3 for an immersion 

/• 

(2) Any 1-knot is realizable as f (C) in S 3 for an immersion f. 
Remark. Suppose that K\ is the trivial 1-knot, K 2 is the trefoil 1-knot, 

and Xi and X 2 are 3-knots. Suppose that L = (Li,L 2 ) is a split 1-link such 
that L\ is the trivial 1-knot and L 2 is the trefoil knot. Then, by Corollary 1.2, 
a 4-tuple of links (K\, K 2 , X\, X 2 ) is not realizable. But, by Theorem 1.3 (1), 
the two component split link L is realizable as in Theorem 1.3 (1). 

In [16], [17], [18], [19] the author discussed some topics which are related to 
this paper. In [19] he discussed the intersection of three 4-spheres in a 6-sphere. 
In [17] he discussed the intersection of two (n + 2)-spheres in an (n + 4)-sphere. 
In [16] he discussed the following: Let L = (Ki,K 2 ) be a 2-link in S 4 = dB 5 . 
Take a slice disc Df in B 5 for each component JQ. He discussed the intersection 
of two slice discs D\ and D 2 in the 5-ball B 5 . In [18] he applied Theorem 1.1 
to Fox's problem as we state in Note 1.2.1. 

Problem 1.4. Suppose each of S 3 7 S 3 , and S 3 is a 3-sphere embedded in 
S 5 . Suppose Sf and S 3 intersect transversely. Suppose each of S 3 C\S 2 , S 2 CiS 3 , 
and S 3 (~1 Sf is a single circle. Then we have a triple of 1-links, Li—(Sf fl S 3 , 
Sf n S 3 ) in Sf, where k) = (1, 2, 3), (2, 3, 1), (3, 1, 2). 

Which triple of 1-links do we obtain like this? 

Do we characterize such triple by the Arf invariants, the linking numbers, 
and the Saito-Sato-Levine invariants? (See [20] for the definition of the Saito- 
Sato-Levine invariant.) 

In [19] the author discussed a higher dimensional version of Problem 1.4. 

This paper is organized as follows. In §2 we review spin cobordism and the 
Arf invariant. In §3 we discuss a necessary condition for the realization of 4- 
tuplc of links. We find the obstruction for the realization in the spin cobordism 
group fll pin . In §4 we discuss a sufficient condition for the realization of 4-tuple 
of links. We carry out surgeries of submanifolds to carry out an (un)knotting 
operation. Theorem 1.1 is deduced from §3 and §4. In §5 we prove Theorem 
1.3. In §6 we give a problem. 
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2 Spin cobordism and the Arf invariant 



In this section we review some results on the Arf invariant and spin cobordism. 
See [5] and [6] for the Arf invariant. See [10] for spin structures and spin 
cobordism. 

We suppose that, when we say M is a spin manifold, M is oriented. 

Recall that a proper link is an m-componcnt 1-link L = {Ki, ...,K m } such 
that lk(Kj,L — Kj) = J2i<i< m ijtj lk(Kj,Ki) is an even number for each Kj. 

Let L = (Ki, ...,K m ) be an m-component 1-link. Let F be a Seifert surface 
for L. We induce a spin structure a on F from the unique one on S 3 . We induce 
a spin structure <7j on Ki from a on F. Then we have: 

Proposition 2.1 Under the above condition, for each i, 

mod 2 lk (K h L - K % ) = [(Ki, a,)] G nf n . 

In particular, L is a proper link if and only if each [(Ki, Uj)] = 0. 

Suppose that L is a proper link. Take (F, a) as above. Let F be the closed 
surface obtained from F by attaching disks to the boundaries. Let a be the 
unique extension of a over F . Then we have: 

Proposition 2.2 Under the above condition, Arf (L)= [(F,a)\ E Q s 2 pin . 

Although they may be folklore, the author gives a proof of Proposition 2.1 
and that of Proposition 2.2 in the appendix. 

3 A necessary condition for the realization of 
4-tuple of links 

In this section we discuss a necessary condition for the realization of a 4-tuple 
of links. That is, we prove the following two propositions. 

Proposition 3.1 // (L\, L 2 , X\, X 2 ) is realizable then 

\k( K ij . L i ~ K -tj) = M K 2j , L 2 - K 2j ) mod 2 for all j . 
In particular, L\ is a proper link if and only if L 2 is a proper link. 

Proposition 3.2 Let Li and L 2 be proper links. If (L\, L 2 , X\, X 2 ) is real- 
izable then 

Arf(Li) = Arf(L 2 ). 
In order to prove them, we prepare a lemma. 

Let Mi and M 2 be codimension one submanifolds of an n-dimensional com- 
pact spin manifold N. Suppose that M\ and M 2 are compact oriented manifolds. 
Suppose that Mi, M 2 , and N may have the boundary and the corner. Let Mi 
and M 2 intersect transversely. Suppose Mi may be embedded in the boundary 
(resp. the corner ) of N. 

We induce a spin structure u% on Mj from N. We induce a spin structure £j 
on Mi fl M 2 from o~i on Mj. (i — 1,2). Then it is easy to prove: 

Lemma £i and £ 2 are same. 

The spin structure ^i=^2 on Mi n M 2 is called the unique spin structure 
induced by Mi, M 2 and N. 
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Mi 

O O 
Mi n M 2 N 

M 2 



Proof of Proposition 3.1. Let / : Sf II 5 2 — ► 5* 5 be an immersion to 
realize the 4-tuple of links {L u L 2 , X u X 2 ). Let C = J1C, denote f{Sf) n 
We abbreviate /(Sf ) to Sf. Let Vi be a Seifert hypersurface for Xi, i.e., 

= av; c^c s 5 . 

We make V\ and V2 intersect transversely. We induce a spin structure Vi on 
Vi from the unique one on S 5 . 
Put W = V 1 f\V 2 . We have: 



VK S 5 
V 2 



We give W the unique spin structure w induced by V\, V 2 and W. 

Here, we see that dW = (Wi n V 2 ) U (Vi n dV 2 ). Put Fi=dVi n V 2 . Put 
F 2 =Vi n <9V" 2 . Then Fi ( resp. F 2 ) is a Seifert surface for Li ( resp. L 2 ). 

We induce a spin structure on <9Vi = Sf from Uj on V^. Note that it is the 
unique one on Sf. 

We have: 



Sf 

o o 
o ^ 

VK 



We give i*\ the unique spin structure a\ induced by Sf, W and V\. 
We have: 



W 

O O 
F 2 V 2 

51 
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We give F 2 the unique spin structure a 2 induced by S 2 , W and V 2 . 
We have: 



Fi 

c w 
F 2 



We give Cj the unique spin structure Tj induced by -Fi, F 2 and W. 
Then mod2 lk(K lj ,L 1 - Jfy)=mod2 lk(if 2j -,L 2 - JSy) = [(Cj,7j-)] G 
for all j. This completes the proof of Proposition 3.1. 
We confirm that we have: 
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Proof of Proposition 3.2. We can make the corner of W smooth. Note 
d(W, w) = o"i) U (F 2 , g 2 . Take Fj and a, as above. Then we have: 

Arf(Li)+Arf(-L 2 ) = Arf(Li)+Arf(L 2 ) - [(A,^i)]+[(F 2 ,(72)] - [0(W,tu)] = 
e fi^ pin s z 2 . 

Therefore Arf(Li) = Arf(L 2 ). 

4 A sufficient condition for the realization of 
4-tuple of links 

In this section we discuss a sufficient condition for the realization of a 4-tuple 
of links. That is, we prove the following proposition. 

Proposition 4.1 A 4-tuple of links (L\,L 2 , X\,X 2 ) is realizable if(Li,L 2 , X\,X 2 ) 
satisfies one of the conditions (1) and (2) of Theorem 1.1. 

It is easy to prove that Proposition 4.1 is equivalent to the following Propo- 
sition 4.2. 

Proposition 4.2 Let X\ and X 2 be the trivial 3-knots. Let L\ and L 2 be 

1-links. Suppose that L\ and L 2 satisfies one of the conditions (1) and (2) of 
Theorem 1.1. Then the 4-tuple of links (Li,L 2 ,Xi,X 2 ) is realizable. 
We prove 
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Lemma 4.3 Let X\ and X2 be the trivial 3-knots. Let L be a 1-link. Then 
the 4-tuple of links (L, L, X\, X2) is realizable. 

Proof of Lemma 4.3. Let f '■ SfjJS^ ^ S 5 be an embedding such that 
f(Si U 5|) in S 5 is equivalent to the trivial 3-link. We take a chart (U, <j>) of 
S 5 with the following properties (1) and (2). 

(1) 4>:U = R 5 = {(x,y, z,u,v)\x,y, z,u,v G R} =i? 3 x R u x R v . 

(2) Unf(Sf) = {(x,y,z,u,v)\u = 0,v = 0} = Rf 
U n = {(x, y, z, u, v) \u = 1, « = 0} = i? 3 

Figure 1 

Obviously Lemma 4.3 follows from Lemma 4.4. 

Lemma 4.4 There exists an immersion g : S* 3 ]J Sf — ► S* 5 wif/i i/ie /oZ- 
lowing conditions. 

i 1 ) g\si = f\si- 

(2) g\g3 is isotopic to /|g3. 

W flls3- 5 -i ( c/) =/ls?- s -i(c/)- Pence 3 (S 3 ) n 3 (S 3 ) C £/. 

^ g(Sf) (~1 3(5*2) m g(S' 3 ) and i/iai m ^(S'l) are both equivalent to the 1-link 

L. 

(5) g(Sf) n {(x,y,z,u,v)\u = 0,v G i?}= . 9 (S* 3 ) n {(x,y, z,u,v)\u = 0,v = 

0}. 

Proof of Lemma 4.4. We modify the embedding / to construct an 
immersion g. 

In Rf we take the 1-link L and a Seifert surface F for L. Let N(F) 

=F x {t\ — l^t^ljbea tubular neighborhood of F in i?f . 

We define a subset E of iV(F) x R u x R v = {{p,t,u,v)\p £ F,-l ^ t ^ 
l,u £ R,v & R} so that 

E = {(p,t,u, v)\p G F, O^-fi^f, t = k ■ cosu, v — k ■ sinu, 
-1 ^ fc S 1^ 

Put P=<9F - (dE n /(S 3 )). Put Q=.f(Sf) - (dE n /(S* 3 )). Note that dP=dQ=dN(F). 
Put S =PUQ. Then, by the construction, E is a 3-sphere embedded in S 5 and 
is the trivial 3- knot. 

Note. In U the following hold. 

(1) g(5 3 )n{( x, y, z, u, v)\u = 0,v € R} = g(Sf) n {(x, y, z, u, v)\u = 0,v = 0} 
= g(Sf)-N(F) 

(2) g{Sf) n {(x,y,z,u,w)|0 < u ^ |, v G R} is Int N(F). 

(3) Let < u' < f . 

g(S' 3 ) n {(x, y, z, u, = u',v > 0} is diffcomorphic to Int F. 

(4) Let < v! < § . 

g(Sf) n {(x, y, z, u, v)\u = u', v < 0} is diffcomorphic to Int F. 

(5) Let < v! < § . 

g(S' 3 ) n {(x, y, z, u, v)\u = u', v — 0} is diffcomorphic to L. 

(6) Let < v! < f . 

g(Sf) n {(x, y, z, u, = «',»£ F} is diffcomorphic to d(N(F)). 

Let Fj be diffeomorphic to F (i = 1,2). Recall F is a compact oriented 
surface with boundary. We identify <9Fi with <9F 2 to obtain F = Fi UF2. Note 
Fq is diffeomorphic to d(N(F)). 

(7) .9(S* 3 ) n {(x,y, z,u,w)|u = |,v G F} is diffeomorphic to iV(F). 

(8) ff(5' 3 ) n {(x, y, z, u, v)|u = f , u = 0} is diffeomorphic to F. 
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(9) g(Sf) n {(x,y,z,u,v)\0 < u ^ f ,u = 0} is diffeomorphic to Int F. 

In Figure 2, 3, 4, £ n J7 and ^(S'l) n £/ are drawn. There, we replace 
R 3 x R u x R v with R 2 x R u x R v . 

Figure2 
Figurc3 
Figure4 

By the construction, En ff(S§) in S and that in g(S 3 ) are both equivalent 
to L. Define g\ s s so that g(S 3 )=T,. 

This completes the proof of Lemma 4.4 and therefore Lemma 4.3. 

Note. Lemma 4.3 gives an alternative proof of the results of [4] and Lemma 
lof[15]. 

In order to prove Proposition 4.2, we review the pass-moves. See [5] and [6] 
for detail. 

Definition (See [5] [6].) Two 1-links are pass-move equivalent if one is 
obtained from the other by a sequence of pass-moves. See Figure 5 for an 
illustrations of the pass-move. 

Figure5 

In B 3 there are four arcs. Each of four arcs may belong to different compo- 
nents of the 1-link. We do not assume the four arcs belong to one component 
of the 1-link. 

The following propositions are essentially proved in [5]. A proof is written 
in the appendix of [14]. 

Proposition 4.5 (Sec [5] [14].) Let Li and L 2 be 1-links. Then Li and L 2 
are pass-move equivalent if and only if L\ and L 2 satisfy one of the conditions 
(1) and (2) of Theorem 1.1. 

Proposition 4.6 (Sec [5] [14].) Let L\ and L 2 be 1-links. Suppose that L\ 
is pass-move equivalent to L 2 . Let F be an oriented Seifert surface for L 2 such 
that the genus of F is not less than the genus of L\. Then there exists a disjoint 
union of 3-balls B 3 such that B 3 n F is as in Figure 6 and the pass-moves in 
all B 3 change L 2 to L\ 

Figure6 

Let Li and L 2 be 1-links. Suppose L\ and L 2 satisfy one of the conditions 
(1) and (2) of Theorem 1.1. Then by Proposition 4.5 L\ is obtained from L 2 by 
a sequence of pass-moves. We choose a Seifert surface F for L 2 and the disjoint 
union of 3-balls B 3 in S 3 as in Proposition 4.6. 

Take a 1-link (Yi, Y 2 ) in each B 3 as in Figure 7. By considering the Kir by 
moves of framed links (in [10]), it is easy to prove: 

Figure7 

Lemma 4.7 We carry out 0-framed surgeries along all Y\ and all Y 2 . After 
these surgeries, we have the following. (1) S 3 becomes a 3-sphere again. (2) 
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each B 3 becomes a 3-ball again, (3) L 2 in the old sphere S 3 changes to L\ in 
the new 3-sphere. 

We go back to the proof of Proposition 4.2. 

As in Lemma 4.4, take an immersion g : S 3 £J S 3 — ► 5* 5 to realize (L 2 , L 2 ,Xi, X 2 ), 
where Xi is the trivial 3-knot. 

Obviously Proposition 4.2 follows from Lemma 4.8. 

Lemma 4.8 There exists an immersion h : S\\\S 3 ► S 5 with the fol- 
lowing conditions. 
(!) h \sl = fflsf ■ 

(2) h(S 3 ) in S 5 is equivalent to the trivial 3-knot. 

(3) h\ss- g -i (u) = g\s»-g-nu)- Hen ce h(Sf) n h(S$) C U. 

(4) h(S 3 ) n h(S 3 ) in h(Sf) is equivalent to L 1 . h(Sf) n fc(Sf) in h(S 3 ) is 
equivalent to L 2 . 

(5) g(Sf) n{u^0,veR} =h(Sf) n{«^0,»6fl} 

Proof of Lemma 4.8. We modify the immersion g to define an immersion 
h as follows. 

As in the proof of Lemma 4.4, we take L 2 and a Seifert surface F for L 2 
in g(S 3 ). Suppose L 2 C R 3 and F C U. Suppose the genus of F satisfies the 
condition in Proposition 4.6. Take 3-balls B 3 in g(S 3 ) as in Proposition 4.6. 
Take (Y u Y 2 ) in B 3 as in Lemma 4.7. Sec Int N(F) in g(Sf). Int N(F) is not 
in R 3 and is in {u > 0}. But by Proposition 4.6, we can suppose Y\ and Y 2 are 
in R\. 

Take an embedded 2-disc hy in {(x, y, z, u, v)\u = 0,v ^ 0} so that meets 
{(x,y,z,u,v)\u — 0, v — 0} at Y\ transversely. Suppose that is embedded 
trivially. 

Take an embedded 2-disc h 2 in {(x, y, z, u, v)\u = 0,v ^ 0} so that h 2 meets 
{(x,y,z,u,v)\u = 0, v — 0} at Y 2 transversely. Suppose that h 2 is embedded 
trivially. 

See Figure 8. 

Figure8 

Let h\ be a tubular neighborhood of h'-? in {(x, y, z, u, v)\u = 0, v ^ 0}. 

Let h 2 be a tubular neighborhood of h 2 in {(x, y, z, u, v)\u = 0, v ^ 0}. 

Then h\ and h 2 arc diffcomorphic to the 4-ball. Furthermore we can regard 
hf as a 4-dimensional 2-handle attached to g(S 3 ) along Yi with 0- framing. 

Put R = g{S 3 ) -{g(S 3 ) n dh\} ~{g{S 3 ) n Put Si - dh\ -{g(S 3 ) n 

a/i?}. Put5 2 = a/il -{p(5?)D9/i|}. Here, we consider all h\. Put A=i?U5iU5 2 . 

Then we can regard A as the result of 0-framed surgeries on g(S 3 ) along all 
Yi and Y 2 . Then the pass- moves are carried out in all B 3 . 

Therefore A is an embedded 3-sphere in S 5 . Furthermore A n g{S 2 ) in A is 
equal to the 1-link L\ and A n g(S 2 ) in g(S 2 ) is equal to the 1-link L 2 . 

Put h\ S 3 so that h(S 3 )—A. By the above construction, h satisfies the condi- 
tions (1)(3)(4)(5) in Lemma 4.8. 

We prove: 

Lemma 4.9 h\(Sf) is equal to the trivial 3-knot. 

Proof. By the construction, h(S 3 ) bounds a 4-manifold represented by the 
disjoint union of some copies of the framed link in Figure 9. 

Figure9 
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See [10] for dot-circles. Hence this 4-manifold is diffcomorphic to the 4-ball. 
Therefore h(S 3 ) bounds a 4-ball. This completes the proof of Lemma 4.9 and 
therefore Lemma 4.8. This completes the proof of Proposition 4.2 and therefore 
Proposition 4.1. 

5 The proof of Theorem 1.3 

Lemma 5.1.1 Let L be the trivial 2-component 1-link. There exists a self- 
transverse immersion f : S 3 — ► B b with the following properties. 

(1) The singular point set (in B b ) is a single circle C . 

(2) / (C) in S 3 is equivalent to L. 

(3) f(S 3 - N(L)) C dB 5 and /(IntiV(L)) C IntB 5 , where N(L) is a tubular 
neighborhood of L in S 3 . 

Lemma 5.1.2 Let L be the Hopf link. There exists a self-transverse im- 
mersion f : S 3 — ► B 5 satisfying with the properties (1), (2) and (3) in Lemma 
5.1.1. 

Lemma 5.1.3 Let L be the trivial 1-knot. There exists a self-transverse 
immersion f : S 3 — ► B 5 satisfying with the properties (1), (2) and (3) in 
Lemma 5.1.1. 

Proof of Lemma 5.1.1 Take a chart of (U,<f>) of B 5 such that <j>(U)= 
{(x,y,z,v,t)\ x,y,z,v G R,t ^ 0}. 

Put F= {(x,y,z,v,t)\ x,y G R,z ^ 0,v = 0,t ^ 0}. 

Put A= {(x,y,z,v,t)\ i,i/efl,z = 0,i' = 0,i^0}. 

We can regard U as the result of rotating F around the axis A. 

Take an immersed 2-disc D in F as in Figure 10, 11. 

Figure 10 

Figurell 
Note. In F the following hold. 

(1) {(x, y, z,v,t)\ x,y G R, z ^ 0, v = 0,t = 0} fl D is diffcomorphic to 
D — (two2 — discs). 

(2) {(x, y, z, v, t)\ x, y e R, z ^ 0, v — 0, t < 0} fl D is a union of the interior 
of two 2-discs, where the intersection of the two 2-discs is one point. The point 
is p= (1,0,0,0,-1). 

(3) Let -1< t' < 0. 

{(x,y,z,v,t)\ i,i/efl,z^0,D = O,t = ('}nfl 
is the Hopf link in 

{(x,y, z, v, t)\ x,y G R, z ^ 0, v = 0,t = t'}. 

(4) {(x, y, z, v, i) | x, y G R, z ^ 0, v = 0,t = — 1} fl D is a union of two 
circles, where the intersection of the two circles is one point. The point is 
p= (1,0,0,0,-1). 

(5) Let -2 < t' < -1. 

{(x,y,z,v,t)\ x,y G R, z ^ 0,v = 0,t = t'} n D 
is the trivial link in 

{(x,y,z,v,t)\ x,y G R, z ^ 0,v = 0,t = t'}. 

(6) {(a;, y, z, v, t)\ x, y G R, z ^ 0, v = 0, t = -2} n D 
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is a disjoint union of two 2-discs. 

As we rotate F as above, we rotate D as well. We obtain an immersed 
3-sphere X. 

Take / so that f(S 3 )=X. 

This completes the proof of Lemma 5.1.1. 

Proof of Lemma 5.1.2 Take B 5 , F, A, and D as above. 

Put G= {(x,y,z,v,t)\ x = 0,?/ = 0,z^0,« = 0,t^0}. 

In Figure 10, 11 we suppose: If, in F, we rotate D around G by any angle, 
then D (~1 A does not change. 

As we rotate F as above, we rotate D around A so that in F we rotate D 
around G one time. We obtain an immersed 3-sphere X . 

Take / so that f(S 3 )=X. 

This completes the proof of Lemma 5.1.2. 

Proof of Lemma 5.1.3 Take B 5 , F, A, D, and G as above. 

In Figure 10, 11 we suppose: If we rotate D around G half time, then the 
resultant D coincides with the original D. 

As we rotate F as above, we rotate D around A so that in F we rotate D 
around G half time. We obtain an immersed 3-sphere X. 

Take / so that f{S 3 )=X. 

This completes the proof of the proof of Lemma 5.1.3. 

Lemma 5.2.1 Let L be a 2-component 1-link whose linking number is even. 
There exists a self-transverse immersion g : S 3 — > \\ l S 2 xB 3 , for a non-negative 
integer I, with the following properties. 

(1) The singular point set (in \\ l S 2 x B 3 ) is a single circle C. 

(2) g _1 (C) in S 3 is equivalent to L. 

(3) g(S 3 - N(L)) C d([\ l S 2 x B 3 ) = $ l S 2 x S 2 and g{\ntN{L)) C Int^S 2 x 
B 3 ), where N(L) is a tubular neighborhood of L in S 3 . 

Here, we suppose that \\°S 2 x B 3 means B 5 . 

Lemma 5.2.2 Let L be a 2-component 1-link whose linking number is odd. 
There exists a self-transverse immersion g : S 3 — ► \\ l S 2 xB 3 , for a non-negative 
integer I, satisfying with the properties (1), (2) and (3) in Lemma 5.2.1. 

Lemma 5.2.3 Let L be a 1-knot. There exists a self-transverse immersion 
g : S 3 — ► \\ l S 2 x B 3 , for a non-negative integer I, satisfying with the properties 
(1), (2) and (3) in Lemma 5.2.1. 

We prove: 

Claim 5.2.4 Lemma 5.2.1, 5.2.2, and 5.2.3 imply Theorem 1.3. 

There is an embedding h : \] l S 2 x B 3 S 5 . Then h o g is an immersion in 
Theorem 1.3. This completes the proof. 

In order to prove Lemma 5.2.1, 5.2.2, and 5.2.3, we review the jj-moves. See 
[14] and [7] for detail. 

Definition ([14]) Two 1-links are tf-move equivalent if one is obtained from 
the other by a sequence of [t-moves. See Figure 12 for an illustrations of the 
j}-move. The j}-move is different from the pass-move by the orientation. 

Figure 12 

In each 3-ball in Figure 12 there are four arcs. Each of four arcs may belong 
to different components of the 1-link. We do not assume the four arcs belong 
to one component of the 1-link. 
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The following proposition 5.3 is proved in the appendix of [14]. 
Proposition 5.3 ([14]) (1) Let L be a 2-component link. Then L is §-move 
equivalent to the trivial link if and only if the linking number is even. 

(2) Let L be a 2-component link. Then L is §-move equivalent to the Hopf 
link if and only if the linking number is odd. 

(3) Any 1-knot is $-move equivalent to the trivial knot. 
We have: 

Proposition 5.4 ([14]) Let Li and L 2 be 1-links. Suppose that Li is §-move 
equivalent to L 2 . Take L\ in S 3 . Then there exists a disjoint union of 3-balls 
B 3 in S 3 such that L\ n B 3 is as in Figure 12 and that the \-moves in all B 3 
change L\ to L 2 . 

Let Li and L 2 be 1-links. Suppose L\ is fl-move equivalent to L 2 . Take L\ 
in S\. Take a disjoint union of 3-balls B 3 in S* 3 as in Proposition 5.3. Take a 
1-link (Yi, Y 2 ) in each B 3 as in Figure 13. Suppose that Y bounds a 2-disc Bf 
as in Figure 13. 

Figure 13 

By considering the Kir by moves of framed links (in [10]), it is easy to prove: 
Lemma 5.5 We carry out 0-framed surgeries on all Y\ and all Y 2 . After 
these surgeries, we have the following. (1) each B 3 becomes a 3-ball again, (2) 
S 3 becomes a 3-sphere again. (3) L\ in the old sphere S 3 changes to L 2 in the 
new 3-sphere. 

We go back to the proof of Lemma 5.2.1, 5.2.2, 5.2.3. 
Proof of Lemma 5.2.1 ( resp. 5.2.2, 5.2.3 ) 

By Proposition 5.3, a sequence of {(-moves changes L into the trivial 2- 
component 1-link ( resp. the Hopf link, the trivial 1-knot ) . 

As in Lemma 5.1.1 ( resp. 5.1.2, 5.1.3 ), take / : S 3 — ► B 5 . See the 1-link 
/ _1 (C) in S 3 . It is equivalent to the 1-link L. As in Proposition 5.4, take 3-balls 
B 3 . As in Lemma 5.5, take Yi and Y 2 in B 3 . Suppose that /(Yi) and /(Y 2 ) are 
in dB 5 . 

Attach 4-dimcnsional 2-handles h 2 to f(S 3 - N(L)) in dB 5 along /(Y) 
with 0-framing. Here, 0-framing means the following. When attaching the 4- 
dimcnsional 2-handles h 2 to f(S 3 — N(L)), we can attach 4-dimensinal 2-handles 
to S 3 naturally. These attaching maps are 0-framing. 

When attaching the 4-dimcnsional 2-handlcs h 2 to f(S 3 — N(L)), we can 
attach 5-dimcnsional 2-handles h 2 x [—1,1] to B 5 along /(Y) naturally. Of 
course the attached parts are in dB 5 . We obtained a 5-manifold. Call it M. 

Put P = f(S 3 )-(f(S 3 )ndh 2 ). Put Q = dh 2 -(f(S 3 )C\dh 2 ). Put E = PUQ. 
Then E is an immersed 3-sphcre in M. 

We prove Lemma 5.6. Before the proof of Lemma 5.6, we prove Lemma 5.7. 

Lemma 5.6 Let M be as above. M=\\ l S 2 x B 3 , for a non-negative integer 

I. 

Lemma 5.7 Lemma 5.6 implies Lemma 5.2.1, 5.2.2 and 5.2.3. 

Proof of Lemma 5.7. Take a self-transverse immersion g : S 3 — > M — 
tj'S 2 x B 3 so that g(S 3 ) = E. 

Proof of Lemma 5.6. Recall: J = (one 5-dimcnsional 0-handle)U(one 
5-dimensional 2-handle) is S 2 x B 3 or S 2 x B 3 . J is S 2 x B 3 if and only if the 
attaching map of the 2-handle is spin preserving diffcomorphism map. 
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It suffices to prove that the attaching maps of the 5-dimensional 2-handlcs 
are spin- preserving diffeomorphism maps. 

We give a spin structure on f(S 3 — N(L)) from the unique one on dB 5 . 

We give a spin structure on f(Bf) n dB 5 from the spin structure on f(S 3 — 
N(L)). 

We give a spin structure £ on f(Yi) from the spin structure on f(Bf) 11 dB 5 . 

Put Si II Sl= f(Bf) n dN(L). We give a spin structure a (resp. /?) on S£ 
(resp. Si ) from the spin structure on f(Bf ) CidB 5 . By the construction, a and 
(3 are the 5|, ie spin structure. 

Since is spin cobordant to 

(5„, the spin structure ) II (S£, the 5^ ie spin structure ), 
£ is the 5*^ d spin structure. 

See [10] for the Sl d spin structure and the S\^ ie spin structure. 
This completes the proof of Lemma 5.6. 

This completes the proof of Lemma 5.2.1 ( resp. 5.2.2, 5.2.3 ). By Claim 
5.2.4, Theorem 1.3 holds. 
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Appendix. The proof of Proposition 2.1 and 2.2 

Firstly we prove Proposition 2.1. 

Let L = (Ki, K m ) be a 1-link. Let F be a Seifert surface. Let Ki x 
[0,1] (C F) be a collar neighborhood of K t in F. Let x {0}=i^. Then 
lk(Ki, L - Ki)=lk{Ki x {0}, K t x {1}). 

See [10] for spin structures. 

Let e 2 be the trivial bundle over 5 1 . Let (ep,e 2 ) (for each p e S 1 ) denote 
the trivialization. Let e° (for each p G S 1 ) denote the trivialization on TS 1 . 
Spin structures on S 1 are defined by spin structures on TS 1 © e 2 . [10] defines 
that the spin structure defined by (e°,ep,e 2 ) is the S\ ie spin structure. The 
other is the Sl d spin structure. 

Let (M, a) and (N,t) be spin manifolds. Let / : M — > be an orientation 
preserving diffcomorphism. / is called a spin preserving diffeomorphism if d/ © 
id : TM © e p — > TAT © e p carries ct to r, id carries the trivialization to the 
trivialization. 

We give F a spin structure a induced from the unique spin structure f3 on 
S 3 . We give Ki a spin structure 7 induced from a. Let Ki x D 2 be the tubular 
neighborhood of K t in S 3 . Regard Ki x D 2 as the product D 2 bundle over Ki. 
We give Ki x Z) 2 a trivialization such that is in Ki x [0, 1] and that e 2 is 
perpendicular to Ki x [0, 1] for each p £ Ki. Then we can regard a as a spin 
structure on the trivialized bundle TKi © (Ki x [0, 1]). 

Let G be any Seifert surface of Ki. Let g be a spin structure on G induced 
from the unique one 5* 3 . Let \i be a spin structure on ifj induced from (G,g). 
Since d(G,g) — (Ki,p), [(Ki,p)] = 0. We give Ki x D 2 & trivialization such 
that is in G and g 2 is perpendicular to G. Then the spin structure on Ki 
induced by the framing (ep,gp,g 2 ) is /x. 

The homotopy class of the framing (e°, e p , e 2 ) coincides with the homotopy 
class of the framing (e°, g*, g 2 ) if and only if Ik (iff x {0}, x {1}) is even. 

Therefore Proposition 2.1 holds. 

Next we prove Proposition 2.2. 

Under the above condition, suppose L is a proper 1-link. 

Let F be the closed oriented surface F U (U™ 1D 2 ). Since 7 is the S^ ie 
spin structure, a extends to F, say a. Let ai, a g , b\, b g be circles in F 
representing symplectic basis of H\(F; Z). Let aj x [—1, 1], 6, x [—1, 1] be the 
tubular neighborhood in F. Put mod 2 lk (dj x { — l},dj x {l})=Xi and mod 2 
lk (6, x {— l},6j x {l})=j/j. Recall ArfL • t/j. 

We give a spin structure ct^, (resp. Tj) on (resp. &,). Then [(a^cr^jG 
nf n = Xi and [(& 4 ,t,)]G Of m = Vi . By P.36 of [10], [(F,d)]e O^" is Sx 4 • 

Hence Proposition 2.2 holds. 
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Figure 6 
The shaded part is FnB 3 . 
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